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ABSTRACT
Small strain shear modulus, Gmax, is a key parameter representing the small strain response of soils under seismic load. It is also an
important parameter in design of foundations where only small deformation takes place. It is recognised that Gmax is significantly
influenced by void ratio. The influence of void ratio on Gmax of a soil has been taken into account by using an empirical void ratio
function, F(e), and various forms of F(e) have been proposed. However, each F(e) can only be applied for a given soil within a limited
void ratio range. There was no available F(e) that can be applied for all soils over a wide range of void ratios.
In this paper, the shear wave velocity propagating in a dry granular medium is considered as a combination of the shear wave velocity
through solid particles, and the shear wave velocity through the contact network. To quantify the effect of void ratio, a dry soil
element is simplified as a soil model having two phases namely the porous phase and the discontinuous-solid phase. The model
suggests that the travel length of shear wave is proportional to the void ratio of the soil. Based on this, a theoretical void ratio function
for small strain shear modulus, F(e) = (1+e)-3, is obtained. The theoretical function is fit well to the experimental data for both clays
and sands over a wide void ratio range, and therefore can be considered as the universal void ratio function.

INTRODUCTION
Shear modulus, G, is the ratio of shear stress to shear strain.
Experimental data has shown that, in general, stress-strain
relationship of geomaterials is non-linear, with G decreasing
as the shear strain increases. However, at very low shear strain
(e.g. less than 0.0001%), shear modulus is constant and attains
a maximum value termed small strain shear modulus or
maximum shear modulus, Gmax. Based on the isotropic elastic
theory, Gmax of a soil can be calculated from velocity of shear
wave, Vs, in the soil medium with mass density, :

Gmax  Vs

2

(1)

Gmax is influenced by a range of parameters of which the main
two are void ratio, e, and mean effective stress, ' (Hardin &
Dnervich, 1972). Experimental data have shown that Gmax
varies with 'n, where the stress exponent, n, varies from 0.4
to 0.62, with an average value of 0.5 (Table 1).
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Void ratio, which is directly related to packing characteristics
of geomaterials, has a strong impact on Gmax. Fig. 1 presents
values of normalised Gmax of various NC soils including
bentonite (Humphries & Wahls, 1968), soft clays (Kokusho et
al., 1982), kaolinite clays (Humphries & Wahls, 1968; Hardin
& Black, 1968), silt (Hardin & Drnevich, 1972), and sands
(Hardin & Richart, 1963; Hardin & Drnevich, 1972; Lo Presti
et al., 1993; Robertson et al., 1995; Lo Presti et al., 1997)
collected from the literature. To overcome the effect of
effective stress, they were normalised by ’0.5 (see Eq. 2), and
plotted versus void ratio. The figure shows that Gmax decreases
with an increase in void ratio.
It has been suggested that the influence of void ratio can be
taken into account by using an empirical void ratio function,
F(e). Various forms of F(e) have been proposed for different
types of soil (Table 1). The void ratio functions can be
classified into two groups; hyperbolic functions, and
exponential functions. From the results presented it can be
observed that each void ratio function can only be applied for
a certain soil over a limited void ratio range. It seems that no
universal void ratio function, which can be applied for all soils
over a wide range of void ratios, exists.
1

Table 1. Various void ratio functions and stress exponent number (modified from Mitchell & Soga, 2005)
References
Hardin
&
Richart
Hardin & Black (1966)

(1963)

Hardin & Black (1968)
Hardin & Black (1969)

Soils

Void ratio

F(e)

Ottawa sand

0.37-0.78

(2.174 − e)(1 + e)-2

0.5

Crushed quartz

0.63-1.26

(2.973 − e)(1 + e)

-2

0.5

NC Kaolinite

0.76-0.9

(2.973 − e)(1 + e)-2

0.5

(2.973 − e)(1 + e)

-2

0.5

(2.973 − e)(1 + e)

-2

0.5

(2.973 − e)(1 + e)

-2

0.5

A few soils

Hardin & Drnevich (1972)

0.59-1.98

A few soils

0.57-0.98

Kaolinite

Marcuson & Wahls (1972)

1.1-1.31

Bentonite
Kokusho et al. (1982)

1.61-2.48

NC clay

Athanasopoulos & Richart (1983)

1.73-3.86

Powdered Kaolinite clay

Lo Presti et al. (1993)

2 −1.361

(0.3 + 0.7e )

-2

0.5
0.6
0.49

(2.27 − e)(1 + e)

0.43

1.4-1.8

e−1.3

0.5

0.8-1.8

Garigliano clay

Avezzano clay
Shibuya & Tanaka (1996)

Insitu slight OC clay

0.9-1.2
1.6-3.0

−1.43

e

0.44

−1.11

0.58

−1.52

0.4

−1.33

e
e

0.6-0.8

e

0.4

1.0-1.8

−1.27

0.46

1.3-4.5

e

−1.5

e

0.5
−2.4

Shibuya et al. (1997)

Natural sediment

1.0-6.0

(1 + e)

0.5

Lo Presti et al. (1997)

Toyoura sand

0.81-0.98

e−1.3

0.45

Quiou sand

0.84-1.18

e−1.3

Wichtmann & Triantafyllidis (2004)

Fine, medium sands

18
Ottawa sand (Hardin & Richart, 1963)

16

SanFancisco sand (Hardin & Drnevich, 1972)
Ticino sand (Lo Presti et al., 1993)

14

NC Kaolinite (Hardin & Black, 1968)

Gmax (MPa) /0.5

(7.32 − e)*(1 + e)

-2

0.61-0.80

Montalvo di Castro clay

Ottawa sand water pluviation (Robertson et al., 1995)

12

Toyoura Sand (Lo Presti et al., 1997)
Quiou sand (Lo Presti et al., 1993)

10

Crushed quartz sand (Hardin & Richart, 1963)
8

Lick Creek Silt (Hardin &
Drnevich, 1972)
NC Kaolinite
(Humphries & Wahls, 1968)

6
4

0

(4.4 − e)*(1 + e)

Panigaglia Clay

Fucino clay

2

-2

Ticino sand
Pisa Clay

Jamiolkowski et al. (1995)

0.9-1.2

n

Moist Tamping
Ottawa sand
(Robertson et al.,
1995)
0.3

1.3

3.3

Figure 1: Influence of void ratio on Gmax of soils
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(1.46 − e)(1 + e)

0.42

Gmax is also influenced by other parameters e.g. structural
anisotropy (Roesler, 1979; Hardin & Blandford, 1989;
Jamiolkowski et al., 1995; Stokoe et al., 1995; Pennington et
al., 1999, etc.), particle characteristics (Bui et al. 2009; Bui
2007, Cho et al, 2007), OCR (Humphries &Wahls,1968;
Hardin & Black, 1969; Hardin & Drnevich,1972; Kokusho et
al.,1982), confinement time (Hardin & Black, 1968; Marcuson
& Wahls, 1972; Anderson & Stokoe, 1978), bonding/
cementation, etc. To account for the influence of void ratio,
effective stress, and these parameters, a number of empirical
equations for estimating Gmax have been suggested. The
simplest but essential form of these empirical equations is:

Gmax  AF (e) ' n

NC soft clay (Kokusho et al., 1982)
NC Bentonite (Humphries &
Wahls, 1968)

2.3
Void ratio

0.57-0.76

0.62
-2

(2)

In Eq. 2, A is a material coefficient reflecting the influence of
particle characteristics, anisotropy, confinement time, and
bonding/cementation, ect.

4.3

Some researchers such as Digby (1981), Walton (1987), and
Chang et al. (1991), etc. have used ‘stress-strain’ (or ‘forcedisplacement’) approach combined with Hertz-Mindlin
contact theory to calculate Gmax as a function of void ratio for
a random packing of spheres. They assumed that displacement
2

of every particle in a packing follows a uniform displacement
field. This approach is referred to as the effective medium
theory (Makse, 2004). For example, Chang et al. (1991)
applied their model to the small strain case, where tangential
forces do not exceed the frictional strength at contacts, and
proposed the following equation:
2/ 3

2/ 3

5  4  2 Nc   1 
2/ 3 2/ 3
Gmax 
Ggrain 0 (3)

 

105  3 (1) (1 e)
Where, Ggrain and  are the shear modulus and Poisson’s ratio
of particles, respectively, 0 is the confining pressure, and Nc
is coordination number (average number of contacts per
sphere). Smith et al. (1929), Field (1963), Oda (1977) and
Chang et al. (1991) have shown that NC for a random packing
of spheres decreases with an increase in void ratio. For instant
Chang et al. (1991) suggested that:

N C  13.28  8e

THEORETICAL VOID RATIO FUNCTION
Fundamentally, Vs is the ratio of travel length to travel time.
Considering the discontinuous-solid phase only, it is rational
that the total travel time of shear wave through the
discontinuous solid phase, tdis.solid, is a combination of travel
times through particles, tgrain, and travel times through the
contacts, tcontact (Fig. 2). This can be summarised by the
following equation:

t dis .solid   t grain   t contact

(7)

(4)

The theoretical void ratio function for a random packing of
smooth sphere drawn from Eq.3 is:

F (e)  (1  e) 2 / 3

(5)

If the effect of void ratio on coordination number (e.g. Eq. 4)
is taken into account, a different void ratio function may be
taken as:

 13.28  8e 
F ( e)  

 1 e 

Figure 2: Porous-discontinuous solid model

2/3

(6)

It is easy to see that both Eq. 5 and Eq. 6 are quite different
from the empirical void ratio functions presented in Table 1,
and therefore may not represent the effect of void ratio on
Gmax of soils in practice.
This paper presents a simple mathematic model from which a
theoretical void ratio function is derived. The model postulates
that the shear wave velocity, VS, propagating in a dry granular
medium is considered as a combination of a shear wave
velocity through solid particles, termed Vgrain, and a shear
wave velocity through the contact network, termed Vcontact. To
quantify the effect of void ratio, a soil specimen is simplified
as a system of two phases namely porous phase and
discontinuous-solid phase with zero contact thickness as
shown in Fig. 2. The soil model is, therefore, termed porous
discontinuous-solid model. It is noted that the derivation of
Vcontact is out of the scope of the paper and will be reported in
another publication.

Dividing the both sides of Eq. 7 by the travel length through
the discontinuous solid phase, Ldis.solid = 1, which is also the
travel length through solid particles (see Fig. 2), we have:

1 / Vdis .solid  1 / V grain  1 / Vcontact

Eq. 8 reflects the obvious fact that stiffness of a discontinuous
solid material (Vdis.solid) is lower than that of a continuous
material (Vgrain) due to the discontinuities (Vcontact). It is noted
that Eq. 8 is established for the discontinuous-solid phase
only. When taking into account void ratio, Fig. 2 indicates that
the travel length through both phases is (1 + e) times higher
than that through the discontinuous-solid phase. Therefore, Vs
of the specimen is (1 + e) times lower than that of the
discontinuous-solid phase:

Vs 

Vdis.solid
(1  e)

(9)

Substitution of Eq. 9 to 8 leads to:

 1
1
1
 (1  e)


Vs
 Vgrain Vcontact
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(8)






(10)
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In general, it is rational that when the number of contact per
unit solid volume, Nv, increases, the total contact compliance
increases, the total travel time at contacts increases (Eq. 7).
Hence Vcontact through the contact network decreases, resulting
in a decrease in Vs, and vice versa (see Eq. 10).
It is noted that Vgrain is a function of shear modulus, Ggrain, and
specific density, s, of particles:

V grain 

G grain

and crushed Quartz measured by Hardin & Richart (1963) is
very well correlated to Eq. 17. The distances between two
correlative lines for the two soils in Fig. 3 may be attributed to
the difference in particle characteristics (such as particle
shape) between the round Ottawa sand and angular crushed
Quartz. This suggests that, by normalising values of Vs by the
theoretical void ratio function (Eq.17), the effects of other
parameters, such as particle characteristics in this example, on
the small strain stiffness of soils can be observed.

(11)

s

1300
1200

Since the density of a soil can be calculated from its void ratio
and specific density, Eq. 1 can be rewritten as:

s

2

1 e

Vs

2

(12)

Substitution of Eq. 9 to Eq. 12 gives:

Gmax 

 s  Vdis.solid 

2



s
V

 
1  e  1  e  1  e3 dis.solid

2

(13)

Denote:

Gmax .dis .soild   s  Vdis .solid

2

(14)

is the maximum shear modulus of a discontinuous material.
Substitution of Eq. 14 into Eq. 13 we have:

Gmax 

Gmax .dis .solid

1  e 3

3

(15)

1

(16)

(17)

APPLICATIONS AND DISCUSSIONS
Eq. 16 and Eq. 17 are applied to the experimental data
collected in the literature. Fig. 3 shows that Vs of Ottawa sand
Paper No. 1.24a

Vs = (Fe)'

1000

6000 p.s.f.

900
800

3000 p.s.f.

700
2000 p.s.f.

600
500
400

1000 p.s.f.
Ottawa sand
500 p.s.f.
crushed quartz

0.3 0.4 0.5 0.6 0.7 0.8 0.9

1

1.1 1.2 1.3

Void ratio

In addition, Eq. 10 indicates that the theoretical void ratio
function for shear wave velocity is:

F (e)V  1  e 

- - - Dashed line: using Hardin's
(1963) linear functions
Solid line: using F(e) = (1+e)-1

300

Eq. 15 indicates that Gmax of a soil including both
discontinuous-solid phase and porous phase, is lower than the
maximum shear modulus of a discontinuous-solid material,
Gmax.dis.solid, by a factor of (1 + e)−3. In order words, the effect
of void ratio on Gmax of geomaterials can be taken into account
using the theoretical void ratio function,

F (e)  1  e 

Shear wave velocity, Ft/Sec

Gmax  Vs 

1100

● No80-No140; ○ No20-No30
▲ 74.8% No20-No30 & 25.3% No20-No140
∆ No20 -No140, well graded

Figure 3: Application of the theoretical void ratio function to
Vs of two sands measured by Hardin & Richart (1963)
The theoretical void ratio function (Eq. 16) can also be
observed to fit very well to experimental data for soft clay
over a relatively large range of void ratio from 1.0 to 4.0 (see
Fig. 4). In this figure, the normalised values of Gmax (dividing
Gmax by '0.6, see Table 1) for soft NC clay measured by
Kokusho (1982) are plotted against void ratio. It can be seen
that the normalised values of Gmax can be fitted with the void
ratio function A*(Fe), where the material coefficient A = 22.08
was obtained after regression analysis.
The form of Eq. 16 is similar to Shibuya’s (1997) empirical
equation, F(e) = (1 + e)−2.4, which was derived from
regression analysis of their data, and reported to be applicable
to geomaterials with a wide range of void ratio (Shibuya et al.,
1997). Both Shibuya’s equation and Eq. 16 have the same
form of hyperbolic functions, F(e) = (1+ e)-x . They are
4

plotted in Fig. 5 together with experimental data collected
from the literature (presented in Fig. 1). It can be seen in that
Eq. 16 is a better fit to the experimental data over a wide range
of void ratio (from soft clays to dense sands), and hence can
better represent the effect of void ratio on Gmax.
experimental data of NC
clay (Kokusho, 1982)
Theoretical void ratio
function, A*F(e)

3.5
3.0

A =22.08
F(e) = (1+e)-3

2.5
Gmax/0.6

n will need to be adjusted to take into account effects of other
material properties such as OCR, anisotropy, bonding/
cementation, etc.

Gmax = 22.08(1+e)-30.6

2.0

(Gmax in MPa &  in KPa)

1.5
1.0
R2 = 0.945

0.5
0.0
0.0

1.0

2.0

3.0

4.0

5.0

Void ratio

Figure 4: Application of the theoretical void ratio function to
Gmax of soft NC clay measured by Kokusho (1982)

Figure 5: Application of the theoretical void ratio function to
literature data

However, Eq. 16 may not be the best void ratio function for a
particular soil, since it only takes into account the effect of
travel length. Void ratio also affects other parameters such as
coordination number and contact force. These effects of void
ratio will influence Vs through influencing Vcontact.

Chang et al. 1991, Liao et al. (2000), and Maske et al. have
reported that Gmax is over predicted using effective medium
theory, which suggests that grain stiffness is one of the key
parameters to influence Gmax. Duffy & Mindlin (1957);
Walton (1987), Chang et al. (1991) and Liao et al., (2000),
have proposed that Gmax varies with (Ggrain)2/3 (see Eq. 3).
Makse et al. (2004) suggested that Gmax is proportional to
grain stiffness. However, the porous discontinuous-solid
model suggests that influence of grain stiffness on Gmax may
not be as that much significant. From Eq.10 it can be seen that
Vs of a soil is on the combination of three main parameters, i.e.
void ratio, shear wave through solid particles, and shear wave
through contacts between particles. While Vgrain (see Eq. 11) is
almost a constant, Vcontact hence Vs is a function of many
parameters such as the number of particles in a specimen,
effective stress, and shear strain amplitude, etc. For example,
if Ggrain of quartz is 36GPa, Vgrain through a quartz grain is
about 3600m/s, or 12 times as much as Vs of dense Ottawa
sand at 100 kPa (Hardin & Richart, 1963). Cascante &
Santamarina (1996) and Santamarina & Cascante (1998) have
reported that Vs of a specimen made from smooth steel balls
(with e = 0.6) at an effective stress of 100 kPa is about
270m/s, which is similar to that of Ottawa sand No 80-140
(about 821 ft/sec or 251 m/s) at similar void ratio (e = 0.59)
and effective stress (200 psf = 95.76 Kpa) (see Fig. 3),
although Ggrain of steel is much higher than that of quartz.

Eq. 2 and the results presented in Fig. 3 to Fig. 5 suggest that
the proposed void ratio function may be used to estimate small
strain stiffness of soils such that:

Gmax  A(1  e) 3 'n

(18)

The data presented in Fig. 5 shows that if the stress exponent
is taken as 0.5, the material coefficient A for NC soils may
vary from 30 to 601. To take into account effects of particle
characteristics on Gmax (Bui et al. 2009; Bui 2007, Cho et al,
2006), lower values of A should be used for fine and
angular/platy particles, with higher values of A for round and
coarse soils. The material coefficient A and the stress exponent
1

Clayton et al. (2009) suggest that the effect of system
compliance on the small strain shear modulus is significant for
relatively stiff materials. Theofore, if the effect of system
compliance is corrected for (Bui, 2009), the material
coefficient A may be higher than 60.
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Since Vgrain can be determined (using Eq. 11) and Vs can be
measured in the laboratory, the only unknown parameter in
Eq. 10 is Vcontact. Vcontact is a function of tangential contact
stiffness, defined as the ratio of tangential force to tangential
compliance at contact, coordination number, Nc, number of
contact per unit solid volume, Nv, and bonding/cementation
etc. Based on Hertz theory of contact between two elastic
spheres, Mindlin & Deresiewicz (1953) suggests that
tangential stiffness (or tangential compliance) is a function of
contact area (which is a function of particle size, particle
shape, effective stress, particle stiffness), contact pressure,
shear strain (magnitude of tangential force at contact), and
inter-particle friction at the contacts. Therefore, the porous
discontinuous-solid model provides possible explanations why
shear modulus is a function of many parameters such as
effective stress, shear strain, void ratio, particle size, particle
shape, and grain stiffness, etc...
SUMMARY
The porous discontinuous-solid model proposed in this paper
idealises the shear wave velocity propagating in a dry granular
medium as a combination of void ratio, Vgrain and Vcontact. The
model states that at the same solid volume, an increase in void
ratio will increase travel length, and hence decrease Vs, and
vice versa. Based on this, a theoretical void ratio function
(Eq.16 or Eq. 17) for small strain stiffness is derived. The
function is shown to have a good fit to experimental data, over
a wide range of void ratio. Therefore, the function can be
considered as the universal void ratio function, which can be
employed to estimate the small strain shear modulus of soils.
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